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RIESZ TRANSFORMS AND SPHERICAL MULTIPLIERS 
ON NONCOMPACT SYMMETRIC SPACES 

GIANCARLO MAUCERI, STEFANO MEDA AND MARIA VALLARINO 


Abstract. In this paper we prove various sharp boundedness results on suitable 
Hardy type spaces for shifted and nonshifted Riesz transforms of arbitrary order 
and for a wide class of spherical multipliers on noncompact symmetric spaces of 
arbitrary rank. 


1. Introduction 

Suppose that M is a bounded translation invariant operator on L^(R") and denote 
by m the Fourier transform of its convolution kernel: M is usually referred to as 
the Fourier multiplier operator associated to the multiplier m. A celebrated result of 
L. Hormander m states that if m satisfies the following Mihlin type conditions 

(1.1) veeK"\{0} 

for all multiindices I of length |/| < [n/2j + 1, where [n/2j denotes the largest integer 
< n 12, then Ai extends to an operator bounded on for all p in (l,oo), and of 

weak type 1. This result was complemented by C. Fefferman and E.M. Stein [19], who 
showed that A4 extends to a bounded operator on the classical Hardy space H^CRF). 

It is straightforward to check that for every positive integer d and for every multi¬ 
index a of length d the function 

= V^eK-\{0} 

satisfies (dj. The associated convolution operator D“(—A) where A is the Eu¬ 

clidean Laplacian, is called Riesz transform of order d. Thus, a Riesz transform of 
order d extends to a bounded operator on on LP(R"’) for all p in (1, oo), and 

to an operator of weak type 1. 

In the pioneering works of Stein [41] and R.S. Strichartz [42], the authors proposed 
to extend some of the aforementioned results to Riemannian manifolds. The purpose of 
this paper is to do so for Riemannian symmetric spaces of the noncompact type X, which 
constitute an important generalisation of the hyperbolic disc, and are paradigmatic 
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examples of Riemannian manifolds with bounded geometry and exponential volume 
growth. Denote by V the covariant derivative and by C the Laplace-Beltrami operator 
on X, which we think of as an unbounded self-adjoint operator on L'^(K). Specifically, 
we aim at analysing the action of the Riesz transforms of arbitrary order 

d and of a comparatively wide class of spherical Fourier multiplier operators on the 
Hardy type spaces H^{X) and X^(X), for various integers k. Here H^{X) is the space 
introduced by Carbonaro, Mauceri and Meda in [5], and X^(X) denotes the space 
introduced in [35], and further investigated in the series of papers [SaiSZlEll. The 
spherical multipliers we consider include the imaginary powers of the Laplacian 
for u real, and the Riesz potentials r > 0. 

Observe that X is not a space of homogeneous type in the sense of Coifman and 
Weiss, i.e., the doubling condition fails (for large balls). Hence the theory of classical 
Hardy spaces, or rather its generalisation to spaces of homogeneous type [12], does 
not apply to our setting. The problem of constructing a “reasonable” theory of spaces 
of Hardy type on X has remained open for quite a long time. We emphasize that the 
results in this paper aim at corroborating the fact that X^(X) does serve as an effective 
counterpart on X of the classical Hardy space 77^ (R"), whereas the effectiveness of the 
space 77^ (X) is somewhat limited to operators whose kernels are integrable at infinity. 
It is important to keep in mind that the following strict continuous containments hold 

H\X) D x1(X) D X^{X) D • • • D D • • • 

Riesz transforms and spherical Fourier multipliers on X have been the object of a 
number of investigations in the last forty years, or so. Without any pretence of ex¬ 
haustiveness, we recall the works of J.L. Clerc and Stein m, J.-Ph. Anker and his 
collaborators [U El m 0 [6], A.D. lonescu [Ml ES], N. Lohoue [30l El], S. Giulini and 
Meda [M], M. Cowling, Giulini and Meda [l3l ICT ITKl [T6] . Giulini, Mauceri and Meda 
[M] and Meda and Vallarino [M]- See also a recent result of Lohoue and M. Marias on 
multipliers on a class of locally symmetric spaces [33] . For more on the analysis of Riesz 
transforms and spectral multipliers of the Laplace-Beltrami operator on a wider class 
of Riemannian manifolds with spectral gap and bounded geometry, see [36l EH ES US] 
and the references therein. In this paper we consider both the operators TVj,, where 
c > 0, and defined by 

( 1 . 2 ) = v ‘^(/:- i - c )“‘^/2 

THj. and will be referred to as shifted Riesz transforms and nonshifted Riesz trans¬ 
forms (briefly Riesz transforms), respectively. We prove the following results concern¬ 
ing Riesz transforms: 

(i) suppose that d is a positive integer. Then 

(a) is bounded from H^iX) to the space L^(X; T^) of all integrable covari¬ 
ant tensors of order d on X; 

(b) is bounded from A^(X) to L^(X;T‘^) for every k > [(<7 -|- 1)/2J; 

(ii) TZ^ is unbounded from 77^(X) to L^(X;T^). 

Part (i) is proved in Theorem 13.11 and part (ii) in Theorem 15.11 The remarkable 
difference between the boundedness properties of and Tif on H^(X) and A^(X) 
has a simple explanation. Fix a base point o in X. On the one hand, the “convolution 
kernels” of and TV^ have a similar behaviour in a neighbourhood of o, where they 
are homologous to a kernel of a standard singular integral operator. On the other hand. 
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the kernel of 7V^ is integrable at infinity, whereas that of Tif is not. Furthermore, the 
greater the order d is, the slower decay the kernel of Tif has at infinity. 

These results complement the following known boundedness properties of Riesz 
transforms. Nonshifted Riesz transforms of order d are known to be bounded from 
LP{1C) to L^(X;T'^) for every p in (l,oo) [21II]- See also [30], where a similar result 
is proved for Riesz transforms of even order on certain Cartan-Hadamard manifolds. 
Anker [2] also proved that the first and second order Riesz transforms are of weak 
type 1, and observed that this is no longer true of Riesz transforms of order > 3, at 
least in the rank one case. The same is presumably true in any noncompact symmetric 
space. Certain interesting endpoint estimates for the first order Riesz transform on a 
subclass of Cartan-Hadamard manifolds were proved by Lohoue [32]. 

In order to illustrate our results concerning spherical Fourier multipliers, we need 
some notation, which is standard and will be recalled in Section[3] The manifold X may 
be realised as G/K, where G is a connected noncompact semisimple Lie group with 
finite centre and K a maximal compact subgroup thereof. It is well known that (G, K) is 
a Gelfand pair, i.e. the convolution algebra L^{K\G/K) of all AT-bi-invariant functions 
in L^[G) is commutative. The spectrum of L^{K\G/K) is the tube = a* + iW, 
where W is the open convex polyhedron in a* that is the interior of the convex hull of 
the Weyl orbit of the half-sum of positive roots p. Denote by k the Gelfand transform 
(also referred to as the spherical Fourier transform, or the Harish-Chandra transform 
in this setting) of the function k, in L^{K\G/K). It is known that k is a bounded 
continuous function on T^, holomorphic in Tw (i.e. in a* -f iW), and invariant 
under the Weyl group W. The Gelfand transform extends to TF-bi-invariant tempered 
distributions on G (see, for instance, [211 Gh. 6.1]). 

It is well known that the Banach algebra L°°(a*)^ of all Weyl invariant essentially 
bounded measurable functions on a* is isomorphic to the space of all G-invariant 
bounded linear operators on L^(X). The isomorphism is given by the map m ^ Ai 
where 

7^(A) = m(A) /(A) V/ G L^{X) VA G a*. 

Thus Mf = f * K, where k is the AT-bi-invariant tempered distribution on G such that 
K = m. We call k the kernel of M. and m the spherical multiplier associated to Al. 
Notice that the space of all G-invariant bounded linear operators on and the 

spherical Fourier transform are the counterpart on X of the class of bounded translation 
invariant operators on A^(R"') and of the Euclidean Fourier transform, respectively. 

A well known result of Glerc and Stein m states that if Ai extends to a bounded 
operator on LP(X) for all p in (1, oo), then m extends to a holomorphic function on Tw, 
bounded on closed subtubes thereof. Anker [2], following up earlier results of Taylor 
[43] and Gheeger, Gromov and Taylor [10] for manifolds with bounded geometry, proved 
that if m satisfies Mihlin type conditions of the form 

(1.3) |tVC)I<C(1 + |C|)”''' vcgt^ 

for every multiindex I of length j/j sufficiently large, then the operator M is of weak 
type 1. This extends previous results concerning special classes of symmetric spaces 
mi SOI [5]. Anker and Ji also proved that the operator £ is of weak type 1 as long 
as T is in (0,1], and that it is not of weak type 1 provided that r > 1 [3]. Since the 
corresponding multiplier is m(C) = [ (C; C) + (PiP)] which is unbounded near ip, 
there exist operators bounded on T^(X) and of weak type 1 such that the associated 
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spherical Fourier multiplier is unbounded on Tw, i-C. on the Gelfand spectrum of 
L^{K\G/K). This, of course, cannot happen for Euclidean Fourier multipliers. 

Anker’s result was complemented by Carbonaro, Mauceri and Meda [9], who showed 
that if m satisfies HOD, then M. is bounded from the Hardy space i7^(X) to L^(X). 
lonescu [28l El] considered multipliers m satisfying genuine Hormander type condition 
(i.e. conditions which allow the derivatives of m to be unbounded in a neighbourhood of 
certain points) on the boundary of subtubes of Tw, and proved sharp L^’(X) estimates 
for the corresponding operators. 


Inspired by lonescu’s results, two of us [39] introduced the so-called strongly singular 
multipliers. These are Weyl invariant functions m on satisfying the following 
conditions 


(1.4) 


\D^m{Q\ < 


c|g(c)|-i^i/2 


if ig(c)i < 1 

if ig(C)i > 1, 


where r is a nonnegative real number, Q{C,) = (Ci C) + {PjP) is the Gelfand transform 
of the Laplacian, and |/| and d{I) are the isotropic and an anisotropic length of the 
multiindex /, respectively (see the beginning of Section [4] for the definition of d{I)). 
Notice that if r > 0, then the multiplier m itself may be unbounded near ip. We 
remark that condition HEi arises naturally since it is satisfied by a class of functions 
of the Laplacian that includes the potentials with Rer > 0 (see Remark l4.3l) . 

In the case where the rank of X is one, the anisotropic behaviour of D^m near the 
zeroes of Q disappears, and condition (11.41) may conveniently be written as 


(C\c-ip\-^-^ VC e : 1C - *p| < 10-1 

\D^H0\ < lc\c + ip\-^-^ VCeTw : IC + *p| < 10-1 

I G I C I -otherwise. 

It is known [33] that if m satisfies condition dEl and T is in [0,1), then Ai is of 
weak type 1. There is a deep difference between conditions (O and Indeed, 

the convolution kernels associated to multipliers satisfying (dU) may be nonintegrable 
at infinity, whereas those associated to multipliers satisfying (O are integrable at 
infinity. This difference is the analogue for multiplier operators of the difference between 
nonshifted and shifted Riesz transforms that we discussed above. 


Denote by n the dimension of X and by [n/2] the smallest integer greater than or 
equal to n/2. We prove the following: 

(i) if m satisfies (11.311 for all I such that |/| < [n/2] -|- 2, then A4 is bounded on 
H^{\) (’Theorem 14.4p : 

(ii) if m satisfies dLl for all I such that |/| < [n/2] -|- 2 and k > t, then M is 
bounded from Ai^(X) to Ti(X) (see Theorem I4.4p : 

(iii) for every r > 0 the operator which satisfies dLl for all /, is unbounded 
from iL^(X) to Li(X) iTheorem l5.ll) : if X is complex, then the same is true for 

for all nonzero real u fTheorem 15.311 . 

The paper is organised as follows. Section [2] contains the basic notions of analysis on X 
and the definitions of the Hardy spaces iV^(X) and X^'(X). In Section [3] we prove the 
positive results for the Riesz transforms (see Theorem [311 . Section 0] contains the 
positive results for spherical multipliers (see Theorem 14.41) . Finally, in the last section 
we prove that the Riesz potentials r > 0, and the first order Riesz transform TZ^ 
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are unbounded from i/^(X) to i^(X) and that, if X is complex, then the same holds 
for the imaginary powers m G R \ {0}. 

We will use the “variable constant convention”, and denote by C, possibly with sub- 
or superscripts, a constant that may vary from place to place and may depend on 
any factor quantified (implicitly or explicitly) before its occurrence, but not on factors 
quantified afterwards. 


2. Preliminaries 


2.1. Preliminaries on symmetric spaces. In this subsection we recall the basic 
notions of analysis on noncompact symmetric spaces that we shall need in the sequel. 
Our main references are the books |251126] and the papers [mail]. For the sake of the 
reader we recall also the notation, which is quite standard. 

We denote by G a noncompact connected real semisimple Lie group with finite 
centre, hy K a maximal compact subgroup and by X = G/K the associated noncompact 
Riemannian symmetric space. The point o = eK, where e is the identity of G, is called 
the origin in X. Let 9 and g = 60p be the corresponding Cartan involution and Cartan 
decomposition of the Lie algebra g of G, and a be a maximal abelian subspace of p. We 
denote by E the restricted root system of (g, a) and by W the associated Weyl group. 
Once a positive Weyl chamber a+ has been selected, E+ denotes the corresponding set 
of positive roots, the set of simple roots in E+ and E))" the set of positive indivisible 
roots. As usual, n = X]aeE+ Sa denotes the sum of the positive root spaces. Denote 
by TTia the dimension of g^ and set p := (l/2)X]aGE+ We denote by W the 

interior of the convex hull of the points {re ■ p : w G W}. Clearly W is an open convex 
polyhedron in a*. By N = expn and A = expo we denote the analytic subgroups 
of G corresponding to n and a. The Killing form B induces the AT-invariant inner 
product (X, Y) = —B(^X, 9{Y)) on p and hence a G-invariant metric d on X. The ball 
with centre x ■ o and radius r will be denoted by Br{o). The map X i-A expX • o is a 
diffeomorphism of p onto X. The distance of exp X ■ o from the origin in X is equal to 
|X|, and will be denoted by |expX • o| . We denote by n the dimension of X and by £ 
its rank, i.e. the dimension of a. 


We identify functions on the symmetric space X with AT-right-invariant functions 
on G, in the usual way. If E{G) denotes a space of functions on G, we define E{X.) 
and E{K\X) to be the closed subspaces of E{G) of the AT-right-invariant and the K- 
bi-invariant functions, respectively, li D = Z\Zi ■ ■ ■ Z^, with Zi G g, then we denote 
by Df{x) the right differentiation of / at the point x in G. Thus, 

Qd 

= Td - ^f{xexp{tiZi)---exp{tdZd))\ 

oil-■-did 

We write dx for a Haar measure on G, and let dfc be the Haar measure on K of total 
mass one. The Haar measure of G induces a G-invariant measure ^ on X for which 


f{x ■ o) dp{x ■ o) 


f{x) dx 
G 


V/ G G,(X). 


We shall often write |A| instead of p{E) for a measurable subset E of X. We recall 
that 


/(x)dx = 



Jg J 


a+^ 


K 


( 2 . 1 ) 


/(fci expiJ ^ 2 ) d{H) dfci diJ dfc 2 , 
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where dH denotes a suitable nonzero multiple of the Lebesgue measure on a, and 

(2.2) 5{H)= (sinha(il))ViJ G a+. 

aes+ 

We recall the Iwasawa decomposition of G, which is G = K AN. For every a; in G we 
denote by H{x) the unique element of a such that x G KexpH{x)N. For any linear 
form A : a —> C, the elementary spherical function ip\ is defined by the rule 


‘Pxix) 


^-{i\+p)H{x 

K 


Mx G G. 


In the sequel we shall use the following estimate of the spherical function (/Jq [H Propo¬ 
sition 2.2.12]: 


(2.3) v?o(exp/f-o) < (1-f |i7|)l^^l V/f G a+. 


The spherical transform 'HJ of an L^[G) function /, also denoted by /, is defined by 
the formula 


H/(A) 


/(a;)^_A(a;)da; 

G 


VA G a*. 


Harish-Chandra’s inversion formula and Plancherel formula state that for “nice” K- 
bi-invariant functions f on G 


(2.4) 


fix) 


f{X)(l)xix) dv{X) 


Va; G G 


and 


II/II 2 



|/(A)p d^A) 



V/ G L^{K\G/K), 


where dj^(A) = |c(A) dA, and c denotes the Harish-Chandra c-function. We do 

not need the exact form of c. It will be enough to know that there exists a constant G 
such that 


(2.5) |c(A)r2<G(l + |A|)” ^ 

[25l IV.7]. The spherical transform can be factored as follows H = J^A, where A is the 
Abel transform, defined by 


Af(H) = 


f ({exp H)n) dn 

N 


XH G a, 


and J- denotes the Euclidean Fourier transform on a. 

Next, we recall the Cartan decomposition of G, which is G = AT exp a+AT. In fact, 
for almost every x in G, there exists a unique element A+ (x) in a+ such that x belongs 
to K exp A+(x)Ar. 


Lemma 2.1. The map : G ^ a is Lipschitz with respect to both left and right 
translations of G. More precisely 

\A+{yx) - A+{y)\ < d{x-o,o) 


for all X and y in G. 


and \A'^{xy) — A'^{y)\ < d{x-o,o), 
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Proof. The first inequality follows from \A'^{yx) -^+(2/)| < d{yx ■ o,y o), see ^ 
Lemma 2.1.2], and the G-invariance of the metric d on X. 

The second inequality follows from the first, for A^{x~"^) = —aA^{x), where a 
is the element of the Weyl group that maps the negative Weyl chamber — a"'' to the 
positive Weyl chamber a"'’. □ 


For every positive r we define 


hr = {H S a : \H\ < r} Br = iF(exp hr)K 

h'r = {H S a ; (in • p){H) < \p\r for aX\ w € W} B'^. = iF(exp b],)iF. 


The set Br is the inverse image under the canonical projection tt : G —^ X of the ball 
Br(p) in the symmetric space X. Thus, a function / on X is supported in Br{o) if and 
only if, as a /F-right-invariant function on G, is supported in Br- We shall use the 
following properties of the sets defined above [U Proposition 4]. 


Proposition 2.2. The Abel transform is an isomorphism between C^{K \ X) and 
G“(a)^. Moreover the following hold: 

(i) supp/ C Br if and only ifsupp{Af) C far,' 

(ii) supp / C if and only if supp (Af) C faj,. 


We shall also need the following lemma. 

Lemma 2.3. The following hold: 

(i) there exists a constant C sueh that |il'| < for all r > 1; 

(ii) there exists an integer M such that Bi ■ B'^ Q for every r > 0. 


Proof. To prove (i) we apply the integration formula in Cartan coordinates 


\BL\ 


|W| 


S{H) diJ, 

a+nb; 


and use the estimate (12.21) for the density function 6. The conclusion follows by choosing 
orthogonal coordinates {Hi, ..., H^) on a such that = p{H)/\p\, and observing that 
there exists a constant G such that \{Hi, ..., H(-i)\ < Gon a+ (~1 b].. 

Next we prove (ii). Denote by c the Minkowski functional of the set b). Since b^ is 
convex and absorbing, is a norm on a. Define f(a;) = c(^~'’(a;)) for all x in G. By 
Lemma |2.11 f is left (and right) uniformly continuous on G. Thus there exists e > 0 
such that \^{xy) — ^{y)\ < 1 for all x in B^ and all y in G. Therefore 


(2.7) 


g{xy) < f{y) + 1 Vx G Vj/ € G. 


Now, if X G Bi there exist M elements xi,..., xm in such that x = xiX2 • • • xm- 
Thus, iterating ()2.7I1 . we get 

f{xy) < f{y) + M Vx G Bi, Vy G G. 

Since i?' = {x G G : c(x) < r} for all r > 0, this concludes the proof of (ii). □ 



8 


G. MAUCERI, S. MEDA AND M. VALLARINO 


2.2. Hardy spaces on X. In this subsection we briefly recall the definitions and 
properties of H^{\) and X^(X). For more about i/^(X) and X^(X) we refer the 
reader to [5] and [S3 [33 [31], respectively. 

Definition 2.4. An H^-atom is a function a in with support contained in a 

ball B of radius at most 1, and such that 


(i) J^ad^ = 0 ; 

(ii) ||a ||2 < \B 


- 1/2 


Definition 2.5. The Hardy space i7^(X) is the space of all functions g in T^(X) that 
admit a decomposition of the form 


( 2 . 8 ) 


= E' 

1=1 


'3 ^3 1 


where Oj is an iJ^-atom, and \^j\ < Then || 5 ||_yi is defined as the infimum of 

k/l over all decompositions (12.81) of g. 

Remark 2.6. A straightforward consequence of [33 Lemma 5.7] that we shall use re¬ 
peatedly in the sequel is the following. If / is in L^(X), its support is contained in 
Bfi{o) for some i? > 1, and its integral vanishes, then / is in iJ^(X), and 


/|L, <cr\Br{o) 


1/2 


/ 


The Hardy type spaces X^(X) were introduced in [33 as certain Banach spaces isomet- 
rically isomorphic to An atomic characterisation of A^(X) was then established 

in [36] , and refined in m- In this paper we adopt the latter as the definition of A^(X). 
We say that a (smooth) function Q on X is /c-quasi-harmonic if C^Q is constant on X. 

Definition 2.7. Suppose that fc is a positive integer. An X^-atom is a function A, 
with support contained in a ball B of radius at most 1, such that 


(i) A (5 d/t = 0 for every fc-quasi-harmonic function Q; 

(ii) 11^112 < \B\ 


- 1/2 


Note that condition (i) implies that J^Ad/i = 0, because the constant function I 
is fc-quasi-harmonic on X. 

Definition 2.8. The space A^(X) is the space of all functions F of the form Cj Aj, 
where Aj are X^-atoms and |cj| < oo, endowed with the norm 

||F^||,,.=inf{^|c,|:F = ^ Cj Aj, where Aj is an X^-atom}. 


2.3. Estimate of operators. We shall encounter various occurrences of the problem 
of estimating the i7^(X) norm of functions of the form a + 7 , where a is an i7^(X)- 
atom with support in Br{o) for some R < 1, and 7 is a X-bi-invariant function with 
support contained in the ball Bp[o). The following lemma contains a version of such 
an estimate that we shall use frequently in the sequel. 


Lemma 2.9. Suppose that a and 7 are as above. The following hold: 



ENDPOINT RESULTS 


9 


(i) there exists a constant C such that 

II II J |Bi^+/3(o) I min ( II 7 II Ci? IIV 7 II ) if R +/3 < 1 
\CiR + P)\BR+p{o)\ ' II 7 II 2 ifR + P>l-, 


(ii) suppose further that 7 is of the form A~^(^Ak), where ^ is a smooth function 
with compact support, and define s := {n — i)l2. Then there exists a constant C 
such that 

||^-i($^it)||2 < c ||$^k||^.(„) 

and 

||V[^-i($^A«)]||2 < C ||<I>^«:||^.+,(^) , 
where H‘^{a) denotes the standard Sobolev space of order s on a. 


Proof. First we prove (i). Notice that the support of a* 7 is contained in Brj^p{o) and 
that its integral vanishes. Furthermore ||a* 7||2 ^ II^IL' 

In the case where i? + /3 > 1 the required estimate follows from Remark 12.61 above. 
Thus, we may assume that i? + /3 < 1. Observe that 

a*7= -^ I|a*7ll2 |Rr+/3(o)|^^^ 

||a*7ll2 \Br+p{o)\ ^ 

unless a * 7 = 0, in which case there is nothing to prove. Then 

a * 7 

||a*7ll2 |Br+/3(o)|^^^ 

is an i7^-atom, whence its norm in i7^(X) is at most 1. Therefore 

||a*7l|iii < I|a*7ll2 |RR+/3(o)7t 


To conclude the proof of the estimate in the case where i? + /3 < 1, it remains to prove 
that 


Clearly 
To prove that 


||a*7l|2 < min(||7||2,CR||V7|l2). 
||a*7ll2<||a||i||7||2<||7ll2. 


||a*7l|2<Ci?||V7|l2, 

we argue as follows. The function a has vanishing integral. Hence 


a * 7 (x • o) 


a(y ■ o) [ 7 ( 2 / ^x-o)- 7 (a; • o)] dfi{y ■ o). 

Br{o) 


Then, by the generalised Minkowski inequality, 


(2.9) ||a + 7||2 < 

dp,{yo) \a{yo)\ 

\^{y ■ 0 ) —'y{x ■ o)\^ dii{x- 0 ) 

• 

Br{o) 
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Take a vector field F in p such that y ^ = expF. Then, for all x in Bii+ 0 {o) 


\"i{y ■ o) — "/{x ■ o)\ < 


( 2 . 10 ) 


< 


— 7 (a;exp Ad(x“^)ty • o) dt 
|Ad(a:“^)F 7 (a;exp Ad(a:“^)ty • o) | dt 
|Ad(x“^)F||V 7 (xexp Ad(a;“^)tF • o)| dt 


<^ 1^1 


IV 7 ( exp(ty)x • o) I dt; 


in the last inequality we have used the fact that sup,j,g;Q^(-j,j |Ad(a: ^)| < oo. Thus, 
by (I2.10|) . Minkowski’s integral inequality, and the fact that |F| < i?, 

1/2 


Sr+/3(o) 

<C|F| 

< CR 


{^{y ^x ■ o) — 7 (x • o) I d/i(a; • o) 


dt 


Sr+^(o) 


V 7 ( exp(ty)a: • o)\^ dfi{x ■ o) 
1/2 


1 1/2 


|V 7 (a; • o)f dy,{x ■ o) 


where we have used the fact that |F| < R, because y ■ o is in Bii{o). This concludes 
the proof of the required estimate in the case where i? + /? < 1, and of (i). 

Next we prove the second inequality in (ii): the proof of the first inequality is similar, 
even simpler, and is omitted. Observe that 

||V[A-i(d>AN)]||2 = {C[A-\^AK)],A-\<i>An)). 

Then Plancherel’s formula and estimate (12.51) for Plancherel’s measure imply that 


| v [ a - 1 ($ Ak )]||2 = 


(|pp + |An|j-(d>AN)(A)rdi.(A) 


1/2 


( 2 . 11 ) 


< C 


< c 


(1 + |A|2)1+0-^)/2 I J-($Ak)(A) dA 

, s , 0 11/2 

I (I - A)("+^)/2 dH 


1/2 


= c ii^akI 


as required. Notice that have used the Euclidean Plancherel’s formula in the second 
inequality above. □ 


3. Riesz transforms 

Our analysis of Riesz transforms may be reduced to that of certain operators, called 
scalar Riesz transforms, which are convolution operators whose kernels are smooth 
functions on X\ {o}. To describe these kernels we need more notation. 

For ?/ in G we denote by L{y) left translation by y acting on G, by dL{y) and by 
L{y)* the differential and the pull-back of L{y) acting on tangent vectors and covariant 
tensors on G, respectively. With a slight abuse of notation we shall also denote by 
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L{y), dL{y) and L{y)* the corresponding maps, acting on X, on tangent vectors and 
on covariant tensors on X. Thus L{y)* is an isometry between covariant tensors at the 
point y ■ o to covariant tensors at the point o. We recall that the tangent space of X 
at the point o is identified with p and the space of covariant tensors of order d at the 
point o is identified with (p*)'*'^. 

For every Z = {Zi, ..., Zj) in p'^ the scalar shifted Riesz transform 2 . of order d 
is the operator defined by 

(3.1) <^/(x•o) = L(x)*[7^^/(x•o)](Zl,...,Zd) VxeG. 

It is well known that TV^ is bounded from to T^(X; T’^) [12 [7] • A straightforward 

argument shows that the same is true of TV^, and, consequently, 2 bounded on 
T^(X) for every Z in p'^. Our endpoint result for Riesz transforms is the following. 

Theorem 3.1. Suppose that d is a positive integer and c > 0. The following hold: 

(i) for every Z in p'^ the operator 2 extends to a bounded operator on i7^(X); 

(ii) TVjt extends to bounded operator from iJ^(X) to T^(X;T‘^); 

(hi) TZ‘^ extends to a bounded operator from (x) to L^{X;T‘^). 


For every z G C and c > 0, the Bessel-Riesz potential (£ + c)“^A maps the space of 
test functions 2?(X) into the space of distributions 2?'(X). Ifz^^O,—2,—4,..., then its 
convolution kernel is a distribution, which, away from the origin o, coincides with 
the function 


(3.2) 


K^ix ■ O) 


1 

r(2/2) 


'C30 

^^/2-l g-ct 

0 


where ht denotes the heat kernel on X. In the sequel we shall use repeatedly the 
estimates for and their derivatives obtained by Anker and Ji jH Thm 4.2.2]. They 
actually considered the case where z > 0, but their arguments extend almost verbatim 
to all complex z 0, —2, —4,...; in particular, their estimates apply to Kq™, the kernel 
of for u real. 

For each c > 0 and every positive integer d, we set 


(3.3) ri{x-o) = L{x)*[V‘^K^]{x-o) WxGGXK; 


rf is a (p*)®‘^-valued smooth function on X\{o}. We recall that covariant differentiation 
on X has a simple expression in terms of left invariant derivatives on G [21 P- 264]. 
Thus, 

(3.4) 4{x-o)iZi,...,Za) = Zi---Zd4{x) Vx G G VXi,..., G p. 


Lemma 3.2. Suppose that c > 0 and that d is a nonnegative integer. Then 

(3.5) L(x)* [7^(!/](x•o) = /*r]?(x-o) 

whenever x ■ o does not belong to supp/. Furthermore, for every Z in p‘^ 

(3.6) T^izfix ■ o) = f * {Zi - ■ ■ ZdK'^){x ■ o). 
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Proof. Suppose that / is in and that x ■ o does not belong to supp /. Then 


ntf{x-o) = vt 


f{yo)K^{y x-o)dy 


fiyo) ^a;-o)] dy. 


Since the map L{y) is an isometry of X, 

Vi[niiy-^x-o)]=V'^[L{y-^)Ki]ix-o) 

= Hy~^)* [vV] {y~^x-o). 

Thus, 


ntf{x ■ o) = 


f{yo)L{y ^a;-o)dy 


= Lix-^r 


f{yo)r% ^x-o)dy\ 


we have used the fact that L{y ^)* = L{x ^)*L{y ^x)* in the last inequality above. 
The proof of (13.51) is complete. 

Formula dSH) follows from (ixa . the definition of scalar Riesz transform (EH), 
and (13.41) . □ 

For technical reasons, which will be apparent shortly, we shall need to consider another 
tensor valued operator related to the Riesz transforms, namely . The following 

lemma will be useful in the proof of Theorem 13.11 (iii), as will be Lemma 13.41 below. 

Lemma 3.3. For every positive integer d there exists a constant C such that 


j w T M 


< Cr 


-d-l 


for all balls B of radius < 1. 

Proof. Recall that 

' J(4B)'= 


UWlhb) 


f{x ■ o)\ dy{x ■ o), 


where f{x ■ o)\x.o denotes the norm of the covariant tensor f[x ■ o). 

Since L{x)* is an isometry between covariant tensors at x-o and covariant tensors at o, 

\V^L^/^f{x • o)|^.^ = \L{xr[V'^L^/^f{x ■ o)]|^ 

= sup \L{xY[V^C^/^f{x-o)\{Z^,...,Zd)\. 

\z\<i 

For every d-tuple of vectors Z = (Xi,..., Zj) in the unit ball of p, consider the scalar 
operator defined by 

Si fix • o) = Lix)* CY^’^fix • o)] (Xi,..., ZY). 

Thus, to prove the lemma it suffices to show that there exists a constant C such that 


sup |5|/| 
|2|<i 


<CrfY^-^ 


UILqs) 


L1((4S) = ) 

By arguing much as in in the proof of Lemma 13.21 it is straightforward to check that 

Sifix-o) = f*Zi--- ZdKff^ix ■ o), 
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where Kq ^ is defined in (I3.2|l . For the sake of brevity, for the duration of this proof, we 
write s% instead of Zi ■■ ■ ZdKg^. Thus, it suffices to show that 

sup \s%{x ■ o) \ ■ o) <C. 

J(3B)'= |Z|<1 

We write the integral as the sum of the integrals over the annulus B^{o) \ 3B and over 
B^^oY, and estimate them separately. 

To estimate the first integral, we observe that, by [H Remark 4.2.3 (hi)], there exists 
a constant C, independent of Zi,..., in the unit ball of p, such that 

\s%{x • o)| <C\x- 01“^“"“"^ Vx • o € B^o)- 

Therefore 

sup \s%[x ■ o)\A^{x ■ o) < C. 

. B3{o)\ 3B iz\<i 


To estimate the second integral, we observe that, by [H Thm 4.2.2], there exists a 
constant C, independent of Zi,Zd in the unit ball of p, such that 

|s 2 ( 2 ; • o)| < C (l + |a; • o|) ^ (po(a: • o) e“l^l 

Then we integrate in polar co-ordinates (EH; by combining this estimate with estimates 
(I2.2[l for the density <5 and (12.3p for {po, we get 


sup \s%{x ■ o)| dp{x ■ o) = C 

B3(o)= |2|<1 



sup \s%{expH ■ o)| S{H) dH 
iz\<i 


< C 


\jj\-l-e/2 ^p{H)-\p\\H\ 


Denote by {Hi ,..., the coordinates of H with respect to an orthonormal basis of a 
such that Hi = p{H)/\p\. Then the latter integral is dominated by 


giPi(jfi-iiLi) diji... dHi, 

Jb= 

which is easily seen to converge. This concludes the proof of the lemma. □ 


Lemma 3.4. Suppose that k is a positive integer. For every X^-atom A with support 
contained in B, the support of C~^A is eontained in B. Furthermore, there exists a 
positive eonstant C, independent of A, such that 

||/:-'=A||2 < Crf \B\~^^'^. 


Proof. The support of C~^A is contained in B by [3^ Remark 3.5]. Denote by Ai(R) 
the smallest eigenvalue of the Dirichlet Laplacian on B. By Faber-Krahn’s inequal¬ 
ity [24] there exists a positive constant C, independent of the ball B, such that 
Ai(i?) > CrfY ■ Hence the desired conclusion for k = 1 follows from [38l Corollary 
3.3]. The general case follows from this by a straightforward induction argument. □ 


We are now in position to prove Theorem 13.11 
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Proof. For the sake of simplicity, for the duration of this proof we shall denote the 
kernel Zi • • • ZdK^ of TZf.z (see Lemma [S2] above) simply by k, and set 

Aj := {x ■ o G X : j < \x ■ o\ < j + 2}. 

In view of [MJ Theorem 4.1] and the translation invariance of 'R-^ prove (i) it 

suffices to show that 

sup o||/i-i < oo, 

a 

where the supremum is taken over all iJ^-atoms a with support contained in Bn{o) for 
some R<\. We analyse the cases where i? > 10“^ and R < 10“^ separately. 

Suppose first that R > 10“^. We consider a partition of unity on X of the form 

OO 

(3.7) l = ^ + 

j=i 

where Lp and tjjj are smooth iF-invariant functions on X, the support of ip is contained 
in B 2 (o), and the support of tpj is contained in the annulus Aj. Then we write 


OO 

77.^2® = a* (t’k) + ^ a * {'ifjK). 

1=1 


We denote by the norm of the convolution operator f ^ f * (</?k), acting on 

LfifK). Observe that ^ because Rf^^z is bounded on Lf{X). Since Cv 2 (X) 

is a C'“(iF\G/iF)-module, 1111^ Thus, 


(3.8) 


a* ^ 

\Br+2{o)\ ^ 

IhL h4cv. 

< 

1 BR+2io) 


hA\cv, 

V \Br{o)\ 


< 

^ h4cv. 




in the last inequality we have used the assumption i? > 10 ^ and the local doubling 
condition. Furthermore, by Lemma [2.91 fin the case where i? + /3 > 1), 


II II I 11/2 11 11 

F* - i^ + j +2) \BR+j+2{o)\ ||'0ik||2 ■ 

To estimate the norm of observe that [H Thm 4.2.2] and estimate (12.31) imply 
that there exists a constant C such that 

\k{x • o)| < G (1 + |a; • ^-p{a+{x))-\x.o\^c^+\p\\ 


By integrating in Cartan co-ordinates, and using the estimate above and the estimate 
(12.21) of the density function d, we see that 


< G 


l^|d-£-ie-2|ff|^c2+|pp 

^3 


< C j‘^~^ e-2i\/'=^+lpl^. 


(3.9) 
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By combining the estimates above, we obtain that 

OO 

W^Xz^Whi < ||« * + Y1 Ih* 

i=i 

OO 

< C +C' ^ j 

j=i 

We use the estimate \Bj+ 3 {o)\ < C e^l^l-^, and conclude that 

OO _ 

\\Kz4m ^ ^ \k4cv. + ^ E 

i=i 

which is easily seen to be finite (and independent of a). 

Next suppose that R < 10“^. We denote by the dyadic annulus 
{x-oGX: 2'^-^R < lx • o| < 2'^+^R}, 
and consider a partition of unity on X of the form 

N OO 

(3.10) 1 = (/) + ^?7,i+V'o+E^1’ 

h=l i=i 

where j = 1,2,..., is as in (EZD, ^ is a /-f-invariant function on X with support 
contained in B 2 r{o)^ rjh are smooth it'-invariant functions on X, with support contained 
in D 2 h]i, N is the least integer for which 2^~^^R > 10“^, and the support of ipo is 
contained in the annulus {x • o G X : 10“^ < |x • o| < 2}. We also require that there 
exists a constant C such that 


V77,,(x-o)| < C(2'‘i?)-i VhG {!,...,iV}. 


It is important to keep in mind that cj) and rjj depend on R. 

By arguing verbatim as above, we may prove that the iJ^(X) norm of a* 
is uniformly bounded with respect to R in (0,10“^], and that the same is true of 
a + (i/’qk). Also, much as for the estimate of the i7^(X) norm of a + {ipn) above. 


(3.11) 


a * i4>K)\\jji < |B3fl:(o) 


1/2 


< 


Bsuio) 


V 

Ihllc, 


rL 

\M\cv, 


CV2 


in the last inequality we have used the local doubling condition, and the fact that 
multiplication by <() is a bounded operator on Cx 2 (X), with norm independent of i?, as 
long as R stays bounded. 

Thus, to conclude the proof of (i) it suffices to show that the (X) norm of J2h=i 
(ijhK) is uniformly bounded with respect to R in (0,10“^]. Since the support of a* (rjhK) 
is contained in ili(o), we may apply the first estimate in Lemma [2ffi] (i), and conclude 
that 

a* {r]hK)\\fji < |Bfl+ 2 f.+ifl;(o)|^^^ min ( llry/jKlI^ ,(71? ||V(?7 ;ik)||2 ). 


(3.12) 
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By® Remark 4.2.3 (iii)], there exists a constant C such that 

\k,{x ■ o)\ < C \x\~'^ I VK(a; • o)| < C Va: € G : |a; • o| < 1. 

This, and the fact that the support of rj^K, is contained in imply that 

|V(7y/iK)(x • o)| <C l^(3^)l + |^^(^)|] 

< C |a: • ol"” + \x ■ o|-”-i] Va: € 


Therefore 

<C{2^R)-^ 


■ 

i^r^" dx 

1/2 

+ 


|x| ‘^dx 

. 



■ 



-, 1/2 


= G(2'‘i?)-”/2-i. 


This estimate, (I3.12L and the fact that |-B( 2 '‘-t-i+i)fll ^ ^ (2^i?)" imply that there 
exists a constant G, independent of a, such that 

■\ — h 


a* iVhK) 


\m <cr 


so that sup^<]^g-i ® * {'nhi^)\\ jji < oo, and the proof of (i) is complete. 

Next we prove (ii), i.e. that is bounded from iJ^(X) to L^(X;T'^). A careful 
examination of the proof of (i) reveals that there exists a constant G, independent of 
Zi^..., Zd in the unit ball of p, such that 


(3.13) 


sup YRcZ' 
I-Z|<1 


Li 


< G. 


As in the proof of Lemma 13.31 we use the fact that L{x)* is an isometry between 
covariant tensors at the point x ■ o and covariant tensors at o, and conclude that 


TV^a{x ■ o) 


sup \TV^ ■ o) 
I-Z|<1 


The required estimate follows directly from this and (13.131) . 

Finally, we prove (iii). If d is even, then l{d+ 1)/2J = d/2 and the result is already 
known [361 Theorem 5.2]. Thus, we only need to consider the case when d is odd, for 
which [(d + 1)/2J = (d + l)/2. By (STj Corollary 6.2 and Proposition 6.3] and the 
translation invariance of it suffices to prove that 

(3.14) sup 


where the supremum is taken over all A^'^+^^/^-atoms A supported in balls centred 
at o. Given such an atom A, denote by Br{o) the ball associated to it. Observe that 

(3.15) ||^'^^|Lqx;TO = I|I^'^I|Lh4B) + II ILT(4By) ' 

We shall estimate the two summands on the right hand side separately. Clearly 
|||7^‘^4l|||^,(^^^ <|4i?r/2 

<C^\AB\I\B\ 

<c-, 


here we have applied the L^-boundedness of TV^, the size property of A and the local 
doubling property of /r. 
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To estimate the second summand in (I3.15|l we write 
By Schwarz’s inequality and Lemma |3.4I there exists a constant C, independent of A, 


such that 


|£-(d+l)/2^| 


Li(B) - 




L^(B) 


< CR^+^. 

Now, Lemma 13.31 and this estimate imply that 




< CR 

< C. 

This concludes the proof for odd m. 




-1 ||/:-(<i+i)/2^| 


ii((4B) = ) 
Li(S) 


□ 


We notice that, by interpolation, Theorem 13.11 implies the boundedness of TZf 
and for every c > 0 and p € (1, 2] (see [nj[3S] for interpolation properties of iL^(X) 
and X'=(X)). 


4. Spherical multipliers 


In this section we consider the two classes H°°{Tw; J) and H'{Tw; J,t) of spher¬ 
ical multipliers on X and the associated convolution operators. We shall investigate 
endpoint results for these operators that involve either iL^(X) or We find that 

convolution operators associated to multipliers in H°°{Tw; J) and H'{Twl J,t) have 
quite different boundeness properties. The main reason for this is that the convolution 
kernels associated to multipliers in iL°°(Tw; J) are integrable at infinity, whereas those 
associated to multipliers in H'{Tw-, J,t) may be not. 

Definition 4.1. Suppose that J is a positive integer. Denote by J) the space 

of all Weyl invariant bounded holomorphic functions in the tube Tw such that 

(4.1) |D^m(C)| <C'(1 + |C|)-I'I VCeTw 

for all multiindices I such that |/| < J. The norm of m in H°°{Tw', J) is the infimum 
of all constants C such that 61]) holds. 


To introduce the second class of multipliers, we need more notation. For every 
multiindex I = we write / = {!'Ai), where /' = (ii,... Denote 

by |/| the length of /, and by d{I) its anisotropic length, which agrees with |/| if £ = 1, 
and is defined by 

d(/) = *1 -f • • • -f 1 -f ‘2-ii 

ii ^>2. We write any point ^ in a* as -I- p/|p|, where is orthogonal to p. We 
denote by | • | the Euclidean norm |^| = (|^'P -f and by N the anisotropic norm 

■^(0 = Since we may identify a* with a, we can define N also on a. 

There exists a constant Cf such that if a function / on a is given by f{H) = fo{Af{H)) 
for some /o : [0, oo) —>• C, then 


f{H) dH = cf 


/o(s)s^ ds. 


(4.2) 


0 
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Recall that Q{X) = (A, A) + {p, p) is the Gelfand transform of C. We recall the definition 
of singular spherical multipliers that was introduced in |391 Definition 3.7]. 


Definition 4.2. Suppose that J is a positive integer and that r is in [0,oo). Denote 
by J^t) the space of all Weyl invariant holomorphic functions m in Tw such 

that there exists a positive constant C such that 


(4.3) 


\D^m{C)\ < 




if|Q(C)l<i 

if|g(c)i>i, 


for every |/| < J and for all ( G 7w+) where W+ = (a*)+ fl W and (a*)"*" is the 
interior of the fundamental domain of the action of the Weyl group W that contains p. 
The norm j is the infimum of all C such that (14.3|) holds. 


Hereafter, in most, but not all, the occurences we shall write ||m||(j) instead of 
II™IIh”(Tw;J); and ||m||(j;^) instead of ||TO||i/'(Tw;J.r)- 

As observed in [351 Remark 3.8], if m is in H'{Tw; J, r), then its restriction to a* + ip 
exhibits the following anisotropic behaviour when the rank of X is at least two. There 
exists a constant C such that for every multiindex I of length at most J 


(4.4) 


\D^m{^ + ip)\ < 




G a* such that j^j < 1 
G a* such that j^j > 1. 


It is known |39l Theorem 3.10] that if r is in [0,1) and m is in i7'(Tw; J,t), then the 
operator A4 is of weak type 1, whereas this may fail if r > 1 (as for [551 Remark 
3.12]). For T = 0 this condition is the counterpart for p = 1 to that considered by 
lonescu [28] for p > 1 when the rank of X is 1, but it is intrinsically different from that 
considered by the same Author in [29] in the higher rank case. Indeed, our condition 
is taylored to cover operators like whereas that considered in [29] is not. 


Remark 4.3. The class J,t) strictly contains an interesting class of functions 

of the Laplacian. Indeed, suppose that J is a nonnegative integer and that r is in 
[0,oo). If M is a holomorphic function in the parabolic region in the plane defined by 

P = {{x,y) G : 2 /^ < djpj^x}. 


which is the image of Tw under Q, such that there exists a positive constant C for 
which 


(4.5) 


1m(^')(z)1 < 


Clzr 


if k! < 1 
if Jz] > 1 


VzGP VjG{0,l,...,J}, 


then M o Q belongs to H'{Tw\ J, t) and the associated convolution operator is M{C). 
This was proved in [351 Proposition 3.9]. 


We shall denote by ||| AI the operator norm of A4 qua linear operator between 
the Banach spaces 21 and 25. In the case where 21 = *8, we shall simply write |||A4|||2j 
instead of ||| A4 The main result of this section is the following. 

Theorem 4.4. Suppose that J is an integer > ]"n/2] +2 if either n = 2, or n = 4 and 
X is of type BDI (see [251 Ch. X, Section 2] for the notation), and > ]"n/2] + 1 in all 
the remaining cases. The following hold: 
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(i) there exists a constant C such that 

|||7W|||^i <C VmG iJ°“(Tw; J); 

(ii) ifk > T + J, then there exists a constant C such that 

|||A^|||^fc.^i ^ ^ \\'^\\H'{Tw,j,r) ym G H'{Tw--,J,t); 

(iii) */ k > T, then there exists a constant C such that 

ll|■^lllx'';Ll — ^ ll”^lli/'(Tw;T,-r) ^ ^ (^Wi 

To prove Theorem 14.41 we need to prove estimates for the Fourier transform of mul¬ 
tipliers on a*, which are compactly supported and satisfy a local anisotropic Mihlin 
condition. Related estimates were proved by E. Fabes and N. Riviere [18] long ago. 

Lemma 4.5. Suppose that j3 is a positive real number and that J is an integer > 
+ p. If m is a smooth function on a* \ {0} that vanishes outside a compact set, 
and there exists a positive constant Co such that 

\D^miX )I < Co VA G a* \ {0} 

for every multiindex I with |/| < J, then there exists a constant C such that 
\{T-^m){H)\ <C[l+J\r{H)]~‘^~^~^ VFf GO. 


Proof. Observe that m is a compactly supported distribution, whence is smooth 

by the Paley-Wiener theorem. Thus, it suffices to prove the required estimate for Af{H) 
large. For simplicity we assume that the support of m is contained in {A : Af{X) < 1}. 
For every positive integer j we define the anisotropic annulus 

Fj := {A G a ; 2-^-^ < MiX) < 2-^+^}; 

its Lebesgue measure is approximately Denote by "0 a smooth function with 

support contained in [1/2, 2], and such that 

OO 

1 = ^ ^(2W(A)) VA G a* \ {0} : J\f{X) < 1. 

i=i 

For the sake of simplicity, set tfjiX) = {2^N{X)), and write m = If is 

straightforward, albeit tedious, to check that there exists a constant C such that 

m){X)\ < CAf{Xf-‘^<'^^ VA G a* 

for every multiindex I such that |/| < J and for every positive integer j. Fix H such 
that Af{H) is large, and write 

j:Ar{H)<23 j:Ar{H)>23 

By the Euclidean Fourier inversion formula, the assumptions on m, and (113), we may 
estimate each summand in the first sum as follows 




|m(A)| dA 

Fj 


<Co 


M{Xf dA 

F, 


< (7 
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In order to estimate the summands in the second sum, we introduce the differential 
operator A on a* defined by X]i=i Fourier’s inversion formula, and 

integrate by parts, using the identity = (iHa — We obtain 


m){H)\ < C\iHi - \H' 


/|2 


-2h 


\A^{'tpjm){X)\ dA 


< CAfiH) 


-2h 


dA 




for every h < J12. By combining the last two estimates, we see that 

3-.M{H)<20 j-.M{H)>20 


as required. 


□ 


We are now ready to prove Theorem 14.41 

Proof. First, we prove (i). By [341 Theorem 4.1] and the translation invariance of A4, 
it suffices to show that there exists a constant C such that 

(4.6) ||A4a||^i < C ||w||(j) , 

for each i7^-atom a supported in a ball Bji{o), with i? < 1. 

By multiplying m{X) by the factor e~^ ^ with 0 < 5 < 1, and proving that the 

estimates that we obtain are uniform in 6, we may assume that m is very rapidly 
decreasing at infinity, hence that the convolution kernel k of A4 is smooth. 

The strategy of the proof is analogous to that of Theorem 13.11 (i), although there 
are important differences. Specifically, following up an idea of Anker [Tj , we decompose 
the Abel transform Ak of the kernel, rather the kernel itself, via a partition of unity 
modelled over that used in the study of Riesz transforms. It is important to keep 
in mind that An = i.e. An is related to the spherical multiplier m via the 

Euclidean Fourier transform. This makes it possible to reduce matters to purely Eu¬ 
clidean estimates. What ultimately motivates this approach is that in the present case 
it is considerably harder to establish pointwise estimates for k than for the “kernels” 
of Riesz transforms. 

We consider the cases where R > 10“^ and R < 10“^ separately. 

In the first case we consider a partition of unity on a of the form 

OO 

(4.7) l = ipoexp + '^tjjj, 

i=i 

where (p is the restriction to A of the function considered in (13.711 . and '0' is a smooth 
Weyl invariant function on a, with support contained in the “polyhedral annulus” 
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(see ()2.6(1 for the definition of b'). Thus, H is in a' if and only if 

j\p\ < {w p){H) < (j + 2)|p|, 

where w is the element in the Weyl group such that w ■ H belongs to the (closure of 
the) positive Weyl chamber. 


In the second case we consider a partition of unity on a of the form 

N oo 

(4.8) 1 = (/)o exp+ ^ 77 ,, o exp+!/;(, 

h=i j=i 

where N is as in (13.101) . (f) and ph are the restrictions to A of the functions considered 
in (13.101) . t/jq is a smooth Weyl-invariant function on a with support contained in 

a[, := {H : 10"^ < \H\, {w ■ p){H) < 2 \p\ Vw € W}, 

and i/j', _) = 1,..., iV, is as in 621) above. 

Much as in the proof of Theorem 13.11 (i), the proof of estimate (14.61) in the case 
where R > 10“^ is simpler than that in the case where R < 10“^. We give full details 
in the second case, and leave the first case to the interested reader. 

Thus, suppose that a is an iJ^(X) atom with support contained in Bji(o) and that 
R < 10“^. We decompose n as follows 

N 00 

(4.9) K = M”^[((()oexp)MK] + ^2 " 4 ~^[( 777 i oexp)MK] + A~^{iIjqAk) + ^ 

h=i 3=1 

and estimate the H^{\) norm of the convolution of a with each summand separately. 
This will be done in Step I-Step III below. 


Step I. By arguing as in (I3.11|) and in (|3.8|) . we may prove that there exists a 
constant C, independent of R, such that 

||a + o exp)MK]||^i < C ||M“^[(^() o exp)MK]||p^^ 

and 

\\a*A~^{il^QAK)\\jj^ < C \\A~^{iI}'qAk)\\^^^ , 
respectively. Since R ~ A A, 

||M"^[((()oexp)MK]||p^^ = ||HM~^[((()oexp)MK]||^ 

= ||j'[((()oexp)MK]||^ 

= II o exp) J'MkII 


By standard Euclidean Fourier analysis, the right hand side may be estimated by 


|j'((/>oexp)||^i^^.^ 




|j'((()oexp)||^,^^.^ ||m|| 


< C TO 


A) 


The last inequality follows from the trivial estimate ||to||j^ < ll™ll(j) and the fact that 
the L^(a*) norms of R{(j) o exp) are uniformly bounded with respect to R in (0,10“^]. 
Similarly we may prove that ||M~^('!/'o'4.k)||p^^ < C ||™||(j) ■ 

Step II. Next we estimate the H^{X) norm of J2h=i^ * o exp)MK]. By 

Proposition 12.21 (il. the support of A~^[{ph o exp)MK] is contained in the ball centred 
at o with radius R, whence the support of a * A~^[{ph o exp)MK] is contained in 
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the ball centred at o with radius (l + 2^+^) R, which is less than 1. Thus, we may 
apply the first estimate in Lemma l2.9l til, and conclude that there exists a constant C, 
independent of R and h, such that 

IIa + A~^[{rih o exp)^K]||^i < (2^i?)"/^ CR || [(77/1 o exp)^^]} 

< C (2^i?)"/2 ||(,7^ oexp)ylK||^,_,,^^^ , 

where s = {n — £)/2. We have used the second estimate in Lemma [22] (ii), with Ty^oexp 
in place of $, in the second inequality above. 


We shall prove that there exists a constant C, independent of R and h, such that 
(4.10) ||(?7?i oexp)^K||^,+i^^^ < C ||to||^_^j 

The last two bounds clearly imply the required estimate, for 

N N 

sup ^ a * [A~^[{rih o exp)^K]] 

Thus, it remains to prove (14.101) . Assume that {rjh oexp)(iL) = 4'(7L/(2^i?)), where 4' 
is a smooth function with compact support contained in {H G a : 10“^ < \H\ < 10}, 
and write t instead of (2^i?) ^ and instead of Then ()4.10l) may be 

rewritten as 




< C m 


A) 




< C m 


A) 


(4.11) 


|\It‘AK|| , < C ||m| 

I \\H''(a) — II I 


A) 


^v+e .12 


with V = s + 1. We shall prove (14.111) in the case where is a positive integer. The 
estimate in the case where ly is not an integer will follow from this by interpolation. 

Thus, suppose that v is a positive integer. We set D := ... A~^de)- By the 

definition of the Sobolev norm and Leibnitz’s rule, we see that 


|4'*Ak| 


H-A) 


\-^\H)AK{H)\dH 


< 


A{t) 


E 

1/31=,. 

\AK{H)\^dH + C Y 

|/3| = ,./3'</3 


D'^{d'*AK)(H)\^ dH 

D^'{Ak){H)\'^ 


dH, 


A{t) 


where A{t) denotes the annulus {H G a : (lOt) ^ < |iL| < lO/fj. For each fi' of length 
at most J — £12 the estimate 


\dI^'{Ak){H)? dH < C'||m||^,, 

JAit) ' ^ 

is a straightforward consequence of [221 Lemma 4.1, p. 359], which is a well known 
statement concerning Euclidean Fourier multipliers satisfying Hormander conditions. 
Observe that s + l = (n — ^)/2+l<J — £/2, for we are assuming that J > |"n/2] + 1. 
Therefore, 

||^*Ak||" , , < c|U||^„t^+2", 

II llff'^(a) — II ll(J) 

thereby proving (14.111) . and concluding the proof of Step II. 

Step III It remains to estimate the iL^(X) norm of the terms a* A“^('0 'Ak) in the 
decomposition (14.9p . Similar estimates were obtained by Anker in [H Proposition 5]. 
By Proposition 12.21 fill, the support of A~^('0 }Ak), as a iL-bi-invariant function on G, 
is contained in hence that of a * A“^('0 'Ak) is contained in the ball Bn ■ Bj_^_ 2 , 

which, by Lemma |2.31 is contained in for a suitably large integer M. Thus, 
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the support of a * a if-left-invariant function on X is contained in 

_Bj_i_ 3 _i_M(o). Furthermore, its integral vanishes. The second estimate in Lemma l2.9l fih 
combined with Lemma 12.91 (ii) (with in place of $), implies that there exists a 
constant C, independent of a and j, such that 

\\a* < C {j+ 3 +M)\Bj+ 3 +Mio)\^^'^ \\A~^{iljjAK)\\^ 

where s is equal to (n — i)/2. We shall estimate the Sobolev norm of order s above, 
when s is a nonnegative integer. The required estimate for nonintegral s will follow 
from this by interpolation. 

Thus, suppose that s is a nonnegative integer. We need to estimate 
and II 2 for all multiindices f3 of length s. By Leibnitz’s rule, D^{iPjAk) 

may be written as a linear combination of terms of the form D^^{Ak), where 

Pi + 1^2 = P- By the Euclidean Paley-Wiener theorem, Ai/jj is an entire function of 
exponential type, and recall that m is holomorphic in Tw and bounded on together 
with its derivatives up to the order J. Thus, by Euclidean Eourier analysis, 


D>^^{AK)]iX) 


a* 

(A - C - ip4 - C - *p) (■? + + ip) d^, 

a* 


which equals the Eourier transform of ■ {D + ip)^^J' ^nip evaluated at the point 

A — ip. Here mp{X) = m(A + ip). Thus, 


D^^^Ak)] (H) = D^^4{H) (D + ip)^^T-^mp{H). 


Observe that p{H) > \p\j and > cj^’^ > 0 for all H in the support of V'j- 

The first of the two inequalities above follows directly from the definition of the support 
of i/j', and the second is a consequence of the trivial estimate 


\p 4 < p{H)^J < \p4 \h4 ViL e a+ n supp(V''), 


and the fact that \Hp'^ < C X]l=i WlP'' (the left and the right hand side are both 
elliptic polynomials of the same degree). Hence 


D ^-^{ Ak )\\1 


< e-2|pli 


\D^^4[H) [D + ip)^^F-^mp{H)\^dH 


— M ^ J WcK 



I {D + ip)^^A-^mpiH)\^dH. 


It is straightforward to prove that the L°° norms of are uniformly bounded with 

respect to all positive integers j and all multiindices Pi of length at most J. By the 
Euclidean Plancherel formula, the last integral is equal to 


d^i- + ip)^^rnp] (A)|^dA, 
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which, in turn, may be estimated by 


C TO 


{J) 


(1 + |A|) 


2(I/32|-J) 


dA < C 


l(j) 


(1 + |A|)"^* -^^dA. 


Since J — s > £/2, the last integral is convergent. By combining the estimates above, 
we see that there exists a constant C, independent of j, such that 




Slight modifications in the argument above prove that satishes a similar 

estimate. Then, by (I4.12L there exists a constant C, independent of j, such that 


||a*Al <C\\m\\^j^ j '^+(^+i)/2^ 

Thus, the H^{X) norm of A~^{’tpjAK) may be estimated by 


C TO 


OO 


(J) 


^ j-J+(^+l)/2 


This series is convergent, for J > (£ + 3)/2 by assumption, and the proof of (i) is 
complete. 

Next we prove (ii). Recall that the operator C{I + C)~^, which we shall denote 
by U in the sequel, establishes an isometric isomorphism between i/^(X) and X^(X). 
Similarly, establishes an isometric isomorphism between H^{X) and X^(X) (see 
[Ml IM] for details). Thus, to prove that A4 is bounded from X^(X) to 77^(X) is 
equivalent to showing that AiU^ is bounded on The multiplier associated to 

is toQ^ (1 + Q)~^. It is straightforward, though tedious, to check that there 
exists a constant C, independent of to, such that 

||toQ'=(i + q)-'=||(^^ <c||to||(^,^^. 

The required conclusion then follows from (i). 

Finally, we prove (iii). Denote by L an integer > r + J. Define Aii and Ad 2 by 

Mx=M{X-e-^)^ and M 2 = M[X - {X - 


A straightforward, albeit tedious, calculation shows that there exists a constant C, 
independent of to, such that the multiplier toi associated to Adi satisfies 

< c ||to||(^.^) . 

By (i) the operator Adi is bounded on iJ^(X) with norm bounded by C ||to||(j.t-). Then 
Adi is a fortiori bounded from A^(X) to L^(X), with the required norm bound. 

It remains to show that Ad 2 is bounded from A^(X) to L^(X), and that the appro¬ 
priate norm estimate holds. By [371 Corollary 6.2 and Prop. 6.3], and the translation 
invariance of Ad 2 , it sufiices to show that sup^ ||Ad 2 A||i < 00 , where the supremum 
is taken over all A^-atoms A with support contained in a ball B centred at o. Recall 
that the radius of B is at most 1. 
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Suppose that A is such an atom. By Schwarz’s inequality, the L^-boundedness 
of C~^ and the size condition of the atom, we obtain that 


< |||7W2£'="' 

< |||■A^2/:i|^ 
<cIm2C^ 


C-^A\ 


LI 


I|£-1L 


|^|-l/2 |^|l/2 


LI- 


To conclude the proof of (iii), it then suffices to show that there exists a constant, 
independent of m, such that |||A^ 2 £^|||^i < C \\m\ 




For the rest of the proof of (iii), we shall denote the spherical multiplier and the 
convolution kernel of Ai 2 -C^ by TO 2 ,fe and K 2 ,fc, respectively. We shall prove that there 
exists a constant C, independent of to, such that 

Ih2.fe||i <C ||to||(^,^^ . 

We need the following notation. Define the function a; : a —^ M 
(4.13) ^{H) = min a{H) MH € a. 


and, for each c > 0, the subset Sc of a+ by 


(4.14) Sc = {i? G a : 0 < uj{H) < c}; 

Sc is the set of all points in a+ at “distance” at most c from the walls of a+. We shall 
estimate H 2 ,k in B 2 {o), Si(o)° fl K exp(si) • o and [i?i(o) U K exp(si) • o]'” separately. 

We first estimate K 2 ,fe in i? 2 (o). Recall that TO 2 ,fc = [1 ~ (1 ~ e“^)^] to. Since 

k > T, there exists a constant C, independent of to, such that 

(4.15) |m 2 ,fe(A)| < C ||to||(^,^) (l + IAD^'^ e-^'’'3(A) VA G a*. 

This, the spherical inversion formula and estimate p.5|) for the Plancherel measure 
entail the pointwise bound 


|K 2 ,fc(expiJ • o)| < C 

< C 


m 


{JiA 


m 


{JiA 


(1 + |A|)2'=+”-^ 
WH e bi. 


Thus, K 2 ,fe is integrable in i3i(o), and there exists a constant C, independent of to, 
such that 

\K2,k\dfi < C ||to|L, ^ ■ 

Jbi(o) i J 


Next, we indicate how to estimate K 2 .fc(expiJ • o) when H is close to the walls of 
the Weyl chamber, but off the ball bi. We shall argue as in the proof of [39l Theorem 
3.2-Step III]. A straightforward computation shows that for each nonnegative integer s 
and each positive a there exists a constant C, which does not depend on to, such that 


£’-^1712,fe(A -I- i'q)\ (1 -I- |A|)® < C ||to 


g-ReQ(A)/2 


for all r] G W(cr), where W((t) is the set of all rj in W such that jiy — n; • p| > cr for all 
w G W and for all jJj < 1+ 1. By [39l Lemma 5.6 (ii)], there exist an integer s and 
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positive constants cr and C such that 

|«^ 2 ,fe| d/i < C max sup 

. Bi(o)'=nA’exp(<ii)-o ’ hl<^+l r/GW((T) . 

By combining the last two estimates, we see that 


|£>^m2,fc(A + 177)1 (1 + |A|)® dA. 


B2(o)‘^r\K exp(si)-o 


|K2,fc| d^i < C • 


Finally, we estimate K 2 ,k away from the walls of the Weyl chamber and off the ball 
Bi{o). We shall use the Harish-Chandra’s expansion of spherical functions away from 
the walls of the Weyl chamber [26l Theorem 5.5, p. 430]. Denote by A the positive 
lattice generated by the simple roots in E+. For all H in a'*' and A in a* 

(4.16) \c{X)\~^ (p\{expH) = ^ c{—w ■ X)~^ Tq{w ■ X) 

qeA w£W 

The coefficient Fq is equal to 1; the other coefficients F, are rational functions, holo- 
morphic, for some t in ]R“, in a certain region Tw* that we now define. For each t in R 
we denote by W* the set 

(4.17) W‘ = {A e W : a;*(A) > t}, 
where w* : a* —>■ R is defined by 

a;*(A) = min (a. A) VA £ a*. 

For each t in R“ the set W* is an open neighbourhood of W+ that contains the origin. 
Thus, the tube Tw* = a* + iW* is a neighbourhood of the tube Jw+ = a* + in 
aj that contains a* + lO. 

We denote by c the function c(A) = c(—A) which is holomorphic in Tw* for some 
negative t and satisfies the following estimate 

l(e)-'(C)l<c n + = + vCGTw*. 

aGE+ 

This, the analyticity of (c)“^ on T-vv‘, and Cauchy’s integral formula imply that for 
every multiindex / 

(4.18) |D^(c)-i(C)| <C(1 + |C|)^””'^^' VCGTw*. 

Observe that there exists a constant d, and, for each positive integer N, another con¬ 
stant C such that 

(4.19) \D^Tq{<:)\<C{l + \q\Y VCeTw* V/:|/|<7V. 

Indeed, the estimate of the derivatives is a consequence of Gangolli’s estimate for r,j [5D] 
and Cauchy’s integral formula. The Harish-Chandra expansion is pointwise convergent 
in and uniformly convergent in \ Sc for every c > 0. 

By proceeding as in the proof of Step II in [5S1 Theorem 3.2], and using the Harish- 
Chandra expansion (14.161) of the spherical function we may write c~^ K 2 ,fc = 







ENDPOINT RESULTS 


27 


K^l + where is as in the inversion formula ()2.4I1 . \W\ denotes the cardinality 
of the Weyl group, and 




TO 2 .fe(A)c(-A) ^ dX 




( 1 ) 

2,fc 


(exp H ■ o) 


E 




9GA\{0} 


m2.fc(A)c(-A)-ir,(A) dA. 


To estimate k^I on \j3i{o) U A"exp(si) • o]'^, first we move the contour of integration 
to the space a* + ip and obtain 


K 


( 1 ) 

2,fc 


(exp H ■ o) 


E 


^-2p(H)-q{H) 


96A\{0} 


m 2 ,k[X + ip) c{-X+ip) ^ Tq[X+ip) dA. 


We now estimate the absolute value of the integrand. We use the pointwise estimate 
(14.151) as an upper bound for |m 2 ,fc|, and estimates (14.181) and (14.191) for |c“^| and the 
coefficients iTql of the Harish-Chandra expansion, respectively, and obtain 


|«W(expi7.o)|<C||m||(^^^^ ^ {I + \q\f 

96A\{0} 

96A\{0} 

Notice that (see (j4.13p for the definition of w) 


g-ReQ(A)/2 


q{H) = ^ a{H) > uj{H) Ua = U]{H) \q\. 

aeSs aeSs 

This, and the fact that u}(H) > 1 for every H in a+\si, imply that < 

gi-|g|-a;(i7)^ Therefore 

|i7W(expi7.o)| ^ (1 + 1^1)^e-'^' 

geA\{0} 

^ ^ Mij-r) VA e a+ \ (bi Usi). 

Then we integrate in polar co-ordinates, use (12.21) to estimate the density function 
S{H), and obtain 


[Si {o)[jK exp(si)-o]‘^ 


di) 

''2,fc 


dp < C \\m 




< C m 




a+\(biUsi) 


for the last integral is easily seen to be convergent. 

It remains to estimate k^I. on [i?i(o) U K exp(si) • o]'^. Much as before, we move 
the contour of integration from a* to a* -I- ip, and obtain 


4°l(exp A • o) = e-2p(-f^) 


W 2 ,fc(A-I-ip) c(—A-I-ip) ^ e'^^'^^A. 


Set /(A) = m 2 ,k{X + ip) c(—A -I- ip)“^. We may decompose / as the sum of 0 / 
and (1 — 0)/, where 0 is a smooth function of compact support in a*, which is 
equal to 1 near the origin. Observe that (1 — 0) / is in the Euclidean Sobolev space 
H''{a*), with norm dominated by C HwH• Since J > [^/2J -|- 1, its inverse Fourier 
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transform is in L^{a), by a celebrated result of Bernstein, and || J" ^[(1 — 0)/]| 


Li(a) - 


C \\m\ 




. As to 0 /, a straightforward computation together with estimate (I4.18|) 
for the derivatives of c“^, and the assumption on m (in particular (14.41) 1. shows that 
there exists a constant C, independent of m, such that 

|D^(0/)(A)| < C 

for all / such that |/| < J. Set (3 = min{l, 2k — 2r}. Observe that J > £ + 1 + /3 and 
< CN{\Y on the support of 0. Thus, 0/ satisfies the assumptions of 
Lemma 14.51 whence 


|^-'(0/)(i?)|<C'||m||(^^^) [l+Ar(iL)] ' ^ 

By combining these estimates, we see that 


B\{o)\jK exp(si)-o 




[biUsi 

< C llml 




1 + 


(l+Ar(iL))- 


'diL 


By integrating in anisotropic polar co-ordinates (see (14.21) 1. we obtain 


(i+Ar(ij))- 


- 1 -/: 


(1+0 


AH = Cl 
< oo, 

because /3 > 0. 

This concludes the proof of (hi), and of the theorem. 


-i-i- 


/3/ 


□ 


5. Unboundedness on H^{X) of Riesz potentials, Riesz transform and 

IMAGINARY POWERS 

In this section we prove that the Riesz potentials ct > 0, and the Riesz 

transform Ti} are unbounded from iJ^(X) to L^(X). We shall also prove that, if G is 
complex, then the imaginary powers £™, it G R \ {0}, are unbounded from iJ^(X) to 
L^(X). Thus the endpoint results in Theorem 13.II ()iiil and Theorem |T4] (iii) are sharp. 

Theorem 5.1. The operators a > 0, do not map H^{X) to T^(X) and the 

Riesz transform Tif does not map H^(X) to L^(X;r^). 

The proof of this theorem requires some Harnack type estimates, which will be estab¬ 
lished in the next lemma. For each positive real number R, denote by Hr the element 
in the positive Weyl chamber a+ such that |iL_R| = R and 

{Hr, H) = R ViL G a. 

\P\ 

Set Or = exp Hr. Recall that Kq is the convolution kernel of (see formula (13.21) 1. 

Lemma 5.2. For each e > 0 the following hold: 

(i) there exists a positive number tjq such that 
sup Kq — (1 + ^0 

Br,{yo) Brjiyo) 


Viy < i?o Vy-oGB2(o)^; 
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(ii) for each R > 0 there exists a neighbourhood U of the identity in K such that 
Kq {ajiua ■ o) < (1 + e) Kq {ana ■ o) \/u € U Va £ exp b^- 

Proof. First we prove (i). Suppose that xi • o, X 2 • o are points in Bri{y ■ o). By the 
mean value theorem 

Kq(xi ■ o) — Kq(x 2 ■ o) < 2g sup |Vkq|. 

Br,{y-o) 

By 0 Thm 4.2.2], there exists a constant C such that 

|VKo(a; • o)| < C'kq(x • o) Vx-o^i3i(o). 

Therefore for all y • o in B 2 {oY 

Kq(x 2 • o) > Kq{xi ■ o) — 2r] sup |V«;q | 

Br,{y-o) 

> Kq{xi ■ o) — 2r] C sup /tg. 

Br,{v-o) 

By taking the supremum over all xi in Br){y ■ o), we obtain that 

Kq{x 2 ■ o) > {1 — 2 rjC) sup Atg. 

Br,{y-o) 

Now, if ?7 < 1/(2C'), then we may take the infimum of both sides over all X 2 in B^d’o), 
and obtain the required conclusion with 770 = e/2C{l + e). 

To prove (ii), write anua ■ o = u°‘^ana ■ o, where is short for anuaf^. By 

Lemma [231 

\A^{u°'^aRa) — {aRa)\ < d(u“®-o,o) 

= d( exp(Ad(a_R)X) • o, o) 

< |Ad(a_R)A|. 

Here X is in t, exp A = m, and |A| < s with s small, for we assume that u belongs to 
a small neighbourhood of the origin in K. Notice that Ad(afl;)A = so that 

|Ad(afl)A| < |a| < s. 

Therefore exp (A+(u“^a/{a)) -o lies in the ball with centre ana-o and radius s. 

Assume that the latter quantity is smaller than rjo, i.e. that s < /2C'(1 + £)■ 

Then (i) implies that 

Kg (oj^ua • o) = Kg (exp(A“'"(u“^afl;a) • o) 

< (1 + e) Kg (oRO • o) Vu £ f/ Va£expb 2 , 
as required to conclude the proof of (ii), and of the lemma. □ 

We now prove Theorem 15.II 

Proof. Fix £ > 0. Consider the function / = (a“^-o)’ where tjq is as 

in Lemma 10 ( 1 ), b = y{Brjg{o)) \ and 1e denotes the characteristic function of E. 
Clearly / is in L^(X), its integral vanishes and its support is contained in Hr+i(o). 
Then / belongs to iL^(X), by Bemark l2.6l 
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We shall prove that if R is large enough, then is not in L^(X). We observe 

that this implies that the Riesz transform Ti} does not map i7^(X) into L^(X;T^). 
Indeed, by Cheeger’s inequality, there exists a positive constant c such that 

|||7^Vl||l >c , 

and the right hand side is infinite. 

We continue the proof of the fact that f is not in L^(X). Observe that 


f*Kl{x-o) = b 
= b 

= b 


Br}Q (o) 


<(y X ■ o) dfi{y o) - b 




«o(y X ■ o)dfi{y o) 


^vo (^) 


BriQ (o) 


[kq {y ^x-o)- Kq {y ^grx ■ o)] dy.{y ■ o) 


[kI{x ^2/-o)-/to(x o)]dy{y o). 


We have used the fact that Kq (u ^ • o) = Kq {v ■ o) in the last equality. By Lemma [O] (i), 
the last integrand above is bounded from below by 

1 

1 + e 


\{x ^ ■ o) - [I + e) Kq[x ^a^-o) 


1 


1 + £ 


{x- o) 1 - (1 + £)' 


Kl{aRX ■ o) 


){x-o) 


We have used again the fact that Kq{v ^ ■ o) = Kq {v ■ o) in the last equality. 

We now restrict x to U ■ exp (c^ 0 b^R), where C/ is a small neighbourhood of the 
identity in K (as in Lemma [52] (ii)), and, for S in (0,1), denotes the proper subcone 
of the positive Weyl chamber a+, defined by 

cs = {HGa+ ■.p{H)>S\p\\H\}. 

Then Lemma |5.21 (ii) implies that n'^^aRX • o) < (1 + £) Kq (o/jo • o) for all such x, and 
we are left with the problem of estimating 


1 + e 


(a • o) 1 — (1 + £) 


3 Kl{aRa ■ o) 


K^{a-o) J 


Va G exp [c 5 n b 2 fi] 


from below. 


A straightforward consequence of (U Theor. 4.2.2], and of the sharp estimate of the 
spherical function ipo, is that for every S close to 1, there exist positive constants c and 
C such that 

(5.1) < K^(^uexpH ■ o) < C 

for all M in AT and for all iL in fl b^. Therefore 

i^^jaRa ■ o) ^ + 

Kn(a-o) ~ V liLl / 


,-p{Hr+H)-\p\ \Hr+H\+p{H) + \p\ \h\ 


(5.2) 


< 




1 ^ \Hr + H\ ^ 3 

2 - \H\ - 2 


Observe that 


ViL G C 5 n b 2 R^ 
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and that the exponential on the right hand side of 
choosing R large enough, we may conclude that 

Hi^{aRa ■ o) 


is dominated by e By 


< £ 


«o(a-o) 

Altogether, we have proved that for R large enough 

1 — (1 + e)^e 


Va G exp [c 5 n b^ii] • 


C/-exp(c5nb2jj) 


|/*Ko|d/i> h 


1 + £ 


[/•exp(c5nb2^) 


Kq d^. 


It is not hard to prove that the last integral is equal to infinity. Indeed, integrate in 
Cartan co-ordinates, use the fact that Kq is A"-bi-invariant, and obtain that the last 
integral is equal to 






Kq (expiJ • o) 5{H) diJ > cijlk{U) 


|^|((T-£-1)/2 gP(Lf)-|p||Lf| 


csObS 


In the last inequality we have used the fact that 6{H) > for some positive 

constant c when H is in (see (12.21) 1. If the rank (. is equal to one, then p{H) = \p\ \H\, 
ca (~l bj; reduces to the half line [r, oo), and the integrand becomes which is 

nonintegrable on [r, oo). If > 2, then we pass to polar co-ordinates in a and see that 
the last integral is equal to 

rarccos 5 


dO (sin 6*) 


1-2 


^{a+i-3)/2 g|p| (cos6l-l)s 


which is easily seen to diverge for all cr > 0. 

This concludes the proof that is not in A^(X). 


□ 


We now state our second unboundedness result. We restrict to the case where G is 
complex, for in this case we are able to obtain asymptotic estimates of the kernel 
of However, we believe that Theorem 15.31 is true for any noncompact symmetric 

space. A key role in these estimate is played by the fact that the heat kernel is given 
by the following explicit formula [B] 

ht{x ■ o) = po{x ■ o) (47rt)“"/^ t-\x-o\ /4t Vx • o G X. 

In view of (13.21) . with 2iu in place of z, the kernel of is given by 

I 


^2iu 


(x • o) = 


T{iu) 


^ ht{x ■ o) dt 


(5.3) 


‘^o{x • o) 
(47r)"'/2r(iu) 


^iii-ri/2-1 g-|p|^t-|a:.op/4t 


= C{n, u) ipo{x ■ o) \x ■ o|™ 


giu-n/2-l ^-{s+s ^)|p||a;'o|/2 


Theorem 5.3. If G is complex and u G M \ {0}, then C “ does not map iJ^(X) to 
L\X). 

It may be convenient to define the function ik on X \ {o} by 

^(x-o) = |x-o|-("+i)/2^o(x-o)e-l'’ll"'°l. 
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Lemma 5.4. There exist constants Co and C, depending on u, such that 
Ko™(a; • o) ^ Co \x ■ o|™ ^'(a; • o) as \x ■ o\ tends to oo, 

(i.e. the ratio between the left and the right hand side tends to 1) and 

■ o)\ < C 'Six ■ o) Wx ■ o G Bi(o)^ 

Furthermore, the conclusions of Lemma \5.S\ above hold with in place of Kq. 


Proof. The estimate of Kq™ follows from (15.311 and the estimate 

) 

^™-n/2-l g-(s+s-i)|p||x.o|/2 ds ^ c |a; • or^/^ g-|p||x-o| 1^ , ^1 ^gj^ds to oo, 

obtained by the Laplace method m- 

To estimate VKQ™(a; • o), we differentiate (15.31) and observe that \7kq™{x ■ o) may be 
written as the sum of three terms containing as factors V(/jq(x • o), V|a; • o| and 


Via; • o| 


+ 5-1) ')lpll^-°l/2 ds. 


The desired conclusion follows, since | V|a; • o| | = 1 for x ^ iiT, 

|V<po(;c • o)| < Cifoix ■ o) 'ix ■ o G BiioY 


and 


s™-”/2-i(s + 5-i)e-(«+» ')lplk-°l/2ds X |x- ori/2e-l'’ll^-°l. 


i.e. the ratio between the absolute value of the left hand side and the right hand side 
is bounded and bounded away from 0, again by the Laplace method. 

It is straightforward to check that the proof of Lemma 15.21 extends almost verbatim 
with Ik in place of Kq, thereby proving the last statement of the lemma. □ 


Finally we prove Theorem 15.31 

Proof. Fix e > 0. We shall prove that C~™f is not in L^(X), where f = b^ 1b,,(o) ~ 
~ {h-iBriio)) ^, T] < Tjo, and rjo is as in Lemma [5?^ fib By arguing 
much as in the proof of Theorem 15.11 we see that 


1/ + K.'Y'^ix • o)| >br, 


Brj (o) 


^yo)dpiyo) 


bn 


Brq (o) 


nff^ix y o)Apiy o) 


Observe that the mean value theorem. Lemma [5T^ and the analogue of Lemma [121 for 
Ik imply that 

KQ™(x“^y • o) d/i(?/ • o) — Kg™(x“^ • o) <7] sup |Vkq™| 

Br,{o) Br,{x-'o) 

<Cr] sup 4' 

Br,(x-'-o) 

< C rjil + e) ik(x“^ • o). 
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SO that for I x • o I large 


Brj (o) 


Kq™(x ^y-o)d^{y-o) >\kq™{x ^ • o)| — Ct? (1 + e)'I'(a 


> ^ — Cri{l+e) 'I'(x-o). 


We choose y so small that Cr? (1 + e) < Co/4,. Similarly, we may prove that 



Ko“(x ^ajfyo)dn{yo) 

< 

2(7o + C* ?7 (1 + is) 

‘ 

Bjj (o) 




Altogether, these estimates and the choice of y imply that for |x • o| large enough 




1 - 9 


'ii^aRX ■ o) 


'll (x • o) - 


The conclusion follows as in the proof of Theorem 15.11 


□ 
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